Abstract. The very definition of an Einstein metric implies that all its geometry is encoded in the Weyl tensor. With this in mind, in this paper we derive higher-order Bochner type formulas for the Weyl tensor on a four dimensional Einstein manifold. In particular, we prove a second Bochner type formula which, formally, extends to the covariant derivative level the classical one for the Weyl tensor obtained by Derdzinski in 1983. As a consequence, we deduce some integral identities involving the Weyl tensor and its derivatives on a compact four dimensional Einstein manifold.
Introduction
A smooth Riemannian manifold (M, g) of dimension n ≥ 3 is said to be Einstein if the Ricci tensor of the metric g satisfies Ric = λ g , for some λ ∈ R. In particular, every Einstein metric has scalar curvature R = nλ. In dimension three, Einstein metrics have constant sectional curvature, where in dimension n ≥ 4, the decomposition of the Riemann tensor and the Einstein condition imply
where W is the Weyl tensor and ∧ is the Kulkarni-Nomizu product. Thus, all the geometry of an Einstein metric g is encoded in its Weyl tensor W and, obviously, in the constant R. Moreover, the special form of Riem naturally restricts the class of admissible Weyl-type tensors (see [9, 12, 1] ). We recall that the Weyl tensor W has the same symmetries of Riem, is totally trace free and, on an Einstein manifold, it is also divergence free; this latter property yields that the second Bianchi identity holds also for W , implying a PDE for the Laplacian of W of the type
(where W * W is a quadratic term). Contracting the previous equation with W , after some manipulations one can get the well known (first) Bochner type formula
which, in this particular form, holds only on four dimensional manifold with harmonic Weyl curvature (see [3] and the next section for details). Here and in the rest of the paper we adopt the Einstein summation convention over repeated indexes. The aim of this paper is to find new algebraic/analytic constraints for W on four dimensional Einstein manifolds. The starting point of our analysis is the following simple observation: if a smooth function u satisfies a semilinear equation ∆u = f (u) on a n dimensional Einstein manifold, then the classical Bochner formula becomes
Thus, under suitable assumptions, one can deduce Liouville type results for this class of PDEs.
With this in mind, exploiting the fact that the Weyl tensor of an Einstein metric formally satisfies a semilinear equation, among other results in this paper we derive a (second) Bochner type formula involving the covariant derivative of W . Namely, we prove the following result: This formula extends to the covariant derivative level the previous one for the Weyl tensor obtained by Derdzinski in [3] , but it requires the metric to be Einstein and not only to have harmonic Weyl curvature. We point out that it is possible to derive quite easily a "rough" Bochner type identity for the covariant derivative of Weyl (Proposition 5.1), and, with some work, even a formula for the k-th covariant derivative ∇ k W (Proposition 5.4). These identities, although new, does not exploit the algebraic peculiarities of dimension four, which are on the contrary essential in the proof of Theorem 1.1 (see Lemma 3.8 and 3.9 ).
An immediate consequence of our Bochner formula is the following second order L 2 -integral identity for the self-dual and anti-self-dual part of the Weyl tensor W ± : Theorem 1.2. Let (M 4 , g) be a compact four dimensional Einstein manifold. Then
As a consequence, we show the following identity: Proposition 1.3. Let (M 4 , g) be a compact four dimensional Einstein manifold. Then
Finally, Theorem 1.2, combined with an improved algebraic integral estimate relating the Hessian and the Laplacian of W , yields the following gap result in the form of a Poincaré type inequality: Proposition 1.4. Let (M 4 , g) be a four dimensional Einstein manifold with positive scalar curvature R. Then
with equality if and only if ∇W ± ≡ 0.
The compactness of M , in the previous statements, is required only to guarantee the validity of some integration by parts argument, and thus could be extended to the negative or Ricci flat cases under suitable decay assumptions at infinity.
The paper is organized in the following sections: 
Contents

Definitions and notations
The Riemann curvature operator of an oriented Riemannian manifold (M n , g) is defined by
Throughout the article, the Einstein convention of summing over the repeated indices will be adopted. In a local coordinate system the components of the (1, 3)-Riemann curvature tensor are given by
∂ ∂x i and we denote by Riem its (0, 4) version with components by R ijkl = g im R m jkl . The Ricci tensor is obtained by the contraction R ik = g jl R ijkl
and R = g ik R ik will denote the scalar curvature. The so called Weyl tensor is then defined by the following decomposition formula in dimension n ≥ 3,
The Weyl tensor shares the symmetries of the curvature tensor. Moreover, as it can be easily seen by the formula above, all of its contractions with the metric are zero, i.e. W is totally trace-free. In dimension three, W is identically zero on every Riemannian manifold, whereas, when n ≥ 4, the vanishing of the Weyl tensor is a relevant condition, since it is equivalent to the local conformal flatness of (M n , g). We also recall that in dimension n = 3, local conformal flatness is equivalent to the vanishing of the Cotton tensor
where R ij,k = ∇ k R ij and R k = ∇ k R denote, respectively, the components of the covariant derivative of the Ricci tensor and of the differential of the scalar curvature. By direct computation, we can see that the Cotton tensor C satisfies the following symmetries
moreover it is totally trace-free,
by its skew-symmetry and Schur lemma. Furthermore, it satisfies C ijk,i = 0, see for instance [2, Equation 4 .43]. We recall that, for n ≥ 4, the Cotton tensor can also be defined as one of the possible divergences of the Weyl tensor:
A computation shows that the two definitions coincide (see e.g. [1] ). We say that a n-dimensional, n ≥ 3, Riemannian manifold (M n , g) is an Einstein manifold if the Ricci tensor satisfies Ric = λg , for some λ ∈ R. In particular R = nλ ∈ R and the Cotton tensor C vanishes. 
The Hessian ∇ 2 of some tensor T of local components T
and similarly ∇ k for higher derivatives. The (rough) Laplacian of a tensor T is given by ∆T
The Riemannian metric induces norms on all the tensor bundles, and in coordinates the squared norm is given by
Some algebraic formulas for the Weyl tensor
In this section we present some known and new algebraic identities involving the Weyl tensor and its covariant derivative.
3.1. General dimension n ≥ 4. To perform computations, in this subsection, we freely use the method of the moving frame referring to a local orthonormal coframe of the ndimensional, n ≥ 4, Riemannian manifold (M n , g). If not specified, all indexes will belong to the set {1, . . . , n}.
First of all, a direct consequence of the definition of the Weyl tensor and of the first Bianchi identity for the Riemann curvature tensor is the first Bianchi identity for W :
As far as the first derivatives of W are concerned, we have (see for instance [2] ) Lemma 3.1. On every n-dimensional, n ≥ 4, Riemannian manifold one has
As a consequence we obtain the following identity:
Lemma 3.2. On every n-dimensional, n ≥ 4, Riemannian manifold one has
In particular, on a manifold with harmonic Weyl curvature, one has
Proof. Using Lemma 3.1 and the fact that the Weyl tensor is totally trace-free we have
which together with (2.2) immediately implies the thesis.
For the second and third derivatives of W , it is known that (see for instance [2] ) Lemma 3.3. On every n-dimensional, n ≥ 4, Riemannian manifold one has
Using the definition of the Weyl tensor in equation (3.1), we obtain Lemma 3.4. On every n-dimensional, n ≥ 4, Riemannian manifold the following commutation formula holds:
In particular, on every four dimensional Einstein manifold one has
and
The general commutation formula for k-th covariant derivatives, k ≥ 3, is contained in the following lemma which is well known but for the sake of completeness we provide it with a proof.
Lemma 3.5. On every n-dimensional, n ≥ 4, Riemannian manifold, for every k ∈ N, k ≥ 3, one has
Proof. The proof of the lemma follows the same lines of Lemma 4.4 in [2] . By definition of covariant derivative we have
Now we differentiate the previous relation, using the second structure equation and the definition of the curvature forms; after a simple but long computation, simplifying we deduce
Skew-symmetrizing the left-hand side, we obtain equation (3.2).
Dimension four.
In this subsection we recall some known identities involving the Weyl tensor and we prove some new formulas involving its covariant derivative. For algebraic reasons, all of them hold only in dimension four. First we recall that, if T = {T ijkl } is a tensor with the same symmetries of the Riemann tensor (algebraic curvature tensor), it defines a symmetric operator, T : Λ 2 −→ Λ 2 on the bundle of two-forms Λ 2 by
with ω ∈ Λ 2 . Hence we have that λ is an eigenvalue of T if T ijkl ω ij = 2λ ω kl , for some 0 = ω ∈ Λ 2 ; note that the operator norm on Λ 2 satisfies T 2
The key feature is that Λ 2 , on an oriented Riemannian manifold of dimension four (M 4 , g), decomposes as the sum of two subbundles Λ ± , i.e.
These subbundles are by definition the eigenspaces of the Hodge operator
corresponding respectively to the eigenvalue ±1. In the literature, sections of Λ + are called self-dual two-forms, whereas sections of Λ − are called anti-self-dual two-forms. Now, since the curvature tensor Riem may be viewed as a map R : Λ 2 → Λ 2 , according to (3.4) we have the curvature decomposition
where
and the self-dual and anti-self-dual W ± are trace-free endomorphisms of Λ ± , I is the identity map of Λ 2 and
• Ric represents the trace-free Ricci curvature Ric − R 4 g. Following Derdzinski [3] , for x ∈ M 4 , we can choose an oriented orthogonal basis
where λ ± ≤ µ ± ≤ ν ± are the eigenvalues of W ± x . Since W ± are trace-free, one has λ ± + µ ± + ν ± = 0. By definition, we have
Since it will be repetedly used later, we recall that the orthogonal basis ω ± , η ± , θ ± forms a quaternionic structure on T x M (see [3, Lemma 2] ), namely in some local frame
The following identities on the Weyl tensor in dimension four are known (see [3] and [8] respectively) Lemma 3.6. On every four dimensional Riemannian manifold, one has
Remark 3.7. It is easy to see that the two identities holds independently for the self-dual and anti-self-dual part of W .
As far as the covariant derivative of Weyl is concerned, it can be shown that (see again [3] ), locally, one has
for some one forms a ± , b ± , c ± . By orthogonality, we get
It follows from (3.7), that g has harmonic Weyl curvature, i.e. div(W ) = 0, if and only if the following relations (locally) hold (see [3] )
where we recall that λ k = (dλ) k . The next identites will be crucial for the proof of Theorem 1.1.
Lemma 3.8. On every four dimensional Riemannian manifold with harmonic Weyl curvature, one has
Moreover, one has
Proof. First we prove the self-dual case (the anti-self-dual case is very similar), namely, we show that, if the g has (half) harmonic Weyl curvature, then
To simplify the notation, we suppress the + symbol on the eigenvectors and eingenvalues. From (3.7), we have at some point
By orthogonality and the fact that |ω| 2 = |η| 2 = |θ| 2 = 2, we get
Note that the coefficient 2 on the left-hand side is due to the convention (3.3). Hence
A simple computation, using the fact that λ + µ + ν = 0, implies
We note that this formula holds on every four dimensional Riemannian manifold. Concerning the left-hand side of (3.9), using the quaternionic structure one has
Since W + is trace free, a computation shows
Since g has harmonic Weyl curvature, from (3.8), one has
Substituting in the expression above, using again (3.8) and the fact that |ω kl a l | 2 = |a| 2 , we get
Comparing with (3.10), we obtain the first formula stated in this lemma, namely
As we have already observed, the proof for W − is the same. To conclude, we have to show the identity for the full Weyl tensor
Clearly, since the covariant derivative decomposes orthogonally
one has
Hence, it remains to show that
In fact, one has
for some two tensors A, B, C, D. Since ω − , η − , θ − are orthogonal to ω + , η + , θ + we get the result and this concludes the proof of the lemma.
Finally, we have the following identity Lemma 3.9. On every four dimensional Riemannian manifold, one has
Proof. First of all, So we need to show that
From equation (3.10), which holds on every four dimensional Riemannian manifold, we have
and the corresponding expression holds for W − . Concerning the left-hand side, we recall that
Using the quaternionic structure, we have
for some two-tensor T . Hence,
This implies
Now, since dλ + dµ + dν = 0, one has
Finally, from the relation λ + µ + ν = 0, we get
and this concludes the proof of the lemma.
The classical Bochner formula for the Weyl tensor
In this section we recall and prove the well known Bochner formula for manifolds with harmonic Weyl curvature.
Lemma 4.1. Let (M, g) be a Riemannian manifold of dimension n ≥ 4, with harmonic Weyl tensor (i.e. W mijk,m = 0). Then
As a consequence, one has
Proof. We follow closely the argument in [11, 7] . Since div(W ) = W mlij,m ≡ 0 and n ≥ 4, the Cotton tensor vanishes identically and thus we have the validity of the second Bianchi identity (see e.g. [2] )
taking the covariant derivative, tracing with respect to m and using the symmetries of the Weyl tensor we have
which can be written, equivalently, as
(note that W klmi,jm − W klmi,mj = W mikl,jm − W mikl,mj ). First we analyse the second term in the previous relation (the third can be obtained from the second by interchanging i and j); from the commutation relation (3.1) we have
which becomes, after a simple computation using the decomposition of the Riemann curvature tensor and the first Bianchi identity,
Substituting in (4.3) and renaming indexes we obtain equation (4.1). (4.2) now follows immediately from (4.1), since
In particular, in dimension four we have Corollary 4.2. On a four dimensional manifold with harmonic Weyl curvature one has
Proof. The proof is just an easy computation using (4.2) with equations (3.5) and (3.6 ).
An easy computation shows that the same equation holds for the self-dual and anti-selfdual part of the Weyl tensor, namely on every four dimensional manifold with half harmonic Weyl curvature, div(W ± ) = 0, one has
These first Bochner formulas for the Weyl tensor have been exploited in the last decades by a number of authors. Just to mention some of them, we refer to Derdzinski [3] , Singer [11] , Hebey-Vaugon [7] , Gursky [4, 5] , Gursky-Lebrun [6] , Yang [13] and references therein.
Higher order "rough" Bochner formulas
The aim of this section is to compute new "rough" Bochner type formulas for the k-th covariant derivative of the Weyl tensor. The reason for this terminology is that the proof do not make use of the algebraic properties related to dimension four, but only exploits the commutation rules for covariant derivatives of W . We first treat the case k = 1.
Proposition 5.1. On a four dimensional Einstein manifold we have 
where R 1 and R 2 are two terms involving the Weyl tensor and the Riemann curvature tensor. Indeed, using Lemma 3.4, the fact that (M, g) is Einstein and equations (2.3), we have
Now, a straightforward computation shows that
This concludes the proof of the first formula. The second one follows using equation (2.4).
Remark 5.2. We explicitly note that in the previous proof it is not sufficient to assume div(Riem) = 0, but we have to require the metric to be Einstein.
Following this proof, we obtain a first integral identity which will be used in the proof of Lemma 7.4.
Corollary 5.3. On a four dimensional compact Einstein manifold we have
Proof. From the proof of Proposition 5.1, it follows that
where in the last equality we used Lemma 3.2. Now, noting that
and integrating on M the previous equation, we obtain the result.
The general Bochner formulas for the k-th covariant derivative of the Weyl tensor, k ≥ 2, is contained in the next proposition.
Proposition 5.4. On a four dimensional Einstein manifold, for every k ∈ N, k ≥ 2, we have
Proof. We follow the proof of Proposition 5.4. Since
and thus
Now we want to write W αβγδ,i 1 ···i k tt as W αβγδ,i 1 ···i k−1 tti k plus a remainder, using Lemma 3.5; to do so, we observe that
where R 1 and R 2 are two terms involving the Weyl tensor and the Riemann curvature tensor. Indeed, using using Lemma 3.5, the fact that (M, g) is Einstein and equations (2.3),
and thus (5.2) becomes
Now, a lengthy computation shows that
Remark 5.5. To help the reader, we highlight that the cases k = 2, 3, 4 read as follows:
Remark 5.6. We note that, with suitable changes, Proposition 5.4 holds in every dimension.
To conclude this section, we observe that, with no changes in the proofs, all the previous formulas hold also for the self-dual and anti-self-dual part of Weyl: Proposition 5.7. On a four dimensional Einstein manifold, for every k ∈ N, k ≥ 2, we have
6. The second Bochner type formula: proof of Theorem 1.1
In this section we first prove Theorem 1.1, namely we show that the following second Bochner type formula,
holds on every four dimensional Einstein manifold.
Proof of Theorem 1.1. From Proposition 5.1 we know that 
Proof. First we observe that equation (4.4), using the first Bianchi identity, can be rewritten as
which implies, by the symmetries of the Weyl tensor,
where in the last line the change of indexes exploits again the symmetries of W . Thus we have
which immediately implies the thesis using Lemma 3.9.
This concludes the proof of Theorem 1.1.
Some integral estimates
In this section, starting from Theorem 1.1, we derive some new integral identities for the Weyl tensor for Einstein manifolds in dimension four. First of all we have the following identity (which will imply Theorem 1.2 in the introduction).
Proposition 7.1. On a four dimensional compact Einstein manifold we have
Proof. We simply integrate over M the second Bochner type formula and use Lemma 6.1 to get
Remark 7.2. We will see in the next section that this formula also holds for W ± .
Now, we want to estimate the Hessian in terms of the Laplacian of Weyl. Of course, one has
In the next proposition we will show that on compact Einstein manifolds one has an improved estimate in the L 2 -integral sense.
Theorem 7.3. On a four dimensional compact Einstein manifold we have
with equality if and only if ∇W ≡ 0.
Proof. In some local basis, using the inequality for a 4 × 4 matrix |A| 2 ≥ (trace A) 2 /4, one has 
Moreover, from Lemma 3.8, we know that
Thus, one has
where in the last equality we used equation (7.1).
This concludes the proof of the inequality case. As far as the equality is concerned, from equation (7. 3), we know that, at every point, it holds
Taking the divergence with respect to the index t, using the second commutation formula in Lemma 3.4 and the fact that Weyl is divergence free, we obtain
Contracting with W ijkl,s and using the decomposition of the Riemann tensor, we obtain
where we have used Lemma 3.2 and 3.8, Theorem 1.1 and Lemma 6.1. Hence, we have proved that, at every point, one has
From the second Bochner formula (Theorem 1.1) one has
In particular, since R is constant, if R ≤ 0, then integrating over M we obtain ∇ 2 W ≡ 0, which implies ∆W ≡ 0 and, by compactness, ∇W ≡ 0. Now assume that R > 0. Let α be the two form
defined where ∇W = 0. Note that |α| = 1. By (7.3), one has
at every point where ∇W = 0. In particular, by normalization, the positive constant 7R/120 is an eigenvalue of W viewed as an operator on Λ 2 . Since it is positive, either one has
First of all we claim that µ cannot be positive. In fact, if µ > 0, then det(W ) = λµν has to be negative, where ∇W = 0. Since W is trace free, this is equivalent to say that
From equation (4.5) one has
Since g is Einstein, in harmonic coordinates g is real analytic, and so is the function |∇W | 2 . In particular Vol(M ε ) → 0 as ε → 0. Integrating over M the Bochner formula for W + (4.5), we obtain
where we have used the fact that W ijkl W ijpq W klpq < 0 on M \ M ε . Letting ε → 0, we obtain W ≡ 0, hence ∇W ≡ 0, so a contradiction. This argument shows that, necessarily,
where ∇W = 0. In particular ν < R/6, which implies that, where ∇W = 0, g has strictly positive isotropic curvature (see [10] ). Assume that ∇W ≡ 0. By analyticity this condition is true on a dense subset. Thus, by continuity (M, g) is an Einstein manifold with positive isotropic curvature, hence isometric to a quotient of the round sphere S 4 (see again [10] ). In particular ∇W ≡ 0, a contradiction. This concludes the proof of the equality case.
From Propositions 7.1 and 7.3 we immediately get the following gap result in the form of a Poincaré type inequality.
Corollary 7.5. On a four dimensional Einstein manifold with positive scalar curvature R we have
Equivalently, we can reformulate it in the following way Corollary 7.6. On a compact four dimensional Einstein manifold we have
We conclude this section putting together Propositions 7.1 and 7.3 in order to obtain the following L 2 -bounds: Corollary 7.7. On a four dimensional Einstein manifold with positive scalar curvature R we have
with equalities if and only if ∇W ≡ 0.
Integral identities in the (anti-)self-dual cases
In this final section we show that the integral identities proved in Section 7 hold separately for the self-dual and anti-self-dual part. First of all we have the following and the result follows.
In particular, using the previous formula and readapting the computations in Theorem 7.3, it is not difficult to prove Proposition 1.4 in the introduction. 
